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Scattering processes in laser backgrounds are degenerate to the emission of unobservable photons
collinear with the laser. We identify processes and observables for which such degeneracies factorise
and exponentiate, obtaining the leading-order intensity dependence of these inclusive observables at
high laser intensity, correct to all orders in the fine-structure constant (all loops, all emissions). The
results show an exponential intensity dependence distinct from that predicted by the Narozhny-Ritus
conjecture on the high-intensity behaviour of quantum electrodynamics in strong fields.
I. INTRODUCTION
It has been conjectured that QED perturbation theory
breaks down in the presence of sufficiently strong back-
ground fields, even when these fields can be accounted
for without approximation [1–4]. This Narozhny-Ritus
(‘NR’) conjecture arose in the context of intense laser-
matter interactions, where it was observed that loop ef-
fects calculated in constant ‘crossed’ fields (the simplest
model of laser fields, obeying E2 − B2 = E.B = 0, and
denoted CCF), scaled dominantly not with powers of the
fine structure constant α, but with powers of g := αχ2/3
in which χ is, roughly, the product of field intensity and
probe particle energy [5]: for sufficiently high intensity g
can exceed unity, implying that all orders of perturbation
theory must be included in any calculation. It has now
been verified that the n-loop self-energy contribution to
the electron propagator in a CCF indeed scales as gn [6].
It is important to ask whether the NR conjecture ap-
plies in general backgrounds, or if it is a peculiarity of the
(unphysical) CCF case. The ‘LCFA’, an approximation
which argues that any strong field may be approximated
as locally constant and crossed [5, 7], suggests that the
conjecture could hold generally: however, exactly solv-
able examples show that this cannot be the case [8]. It is
also known that the NR conjecture does not hold, outside
of the CCF case, at high-energy [9, 10], and no analogous
behaviour appears in the simplest toy models [11].
Making general statements about the conjecture is
difficult, especially beyond CCF, if one cannot appeal
to perturbation theory to any finite order. One may,
though, try resumming perturbative results. The state-
of-the-art in a CCF is that the resummed ‘bubble chain’
of self-energy corrections to the electron propagator
scales with g
√
α and g3/2
√
α [6]. We note, for what fol-
lows, that this does not appear to be an exponentiation
of the perturbative series.
We will here investigate high-intensity behaviour and
resummation in fields more general that a CCF. Our in-
vestigation is based on degenerate processes and inclu-
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sive observables. As motivation, recall that in QED any
process is degenerate with that in which, in addition, ar-
bitrarily many soft, undetectable, photons are emitted.
These degeneracies are summed over to obtain inclusive
observables. Consistency requires that soft contributions
from photon loops also be included; doing so yields infra-
red (‘IR’) finite, inclusive observables [12, 13]. When a
background laser is present, however, there are additional
degeneracies: in a given scattering process, any photons
emitted almost collinear with an intense laser and with
energies not dissimilar from it, will be indistinguishable
from laser photons, or masked by the high flux of the
field. Physical observables should be made inclusive with
respect to these emissions – we will account for them here.
The immediate difficulty to confront is that there is
no exact method for calculating scattering amplitudes in
general high-intensity fields. (As indicated above, relying
on the LCFA conflates the validity of the NR conjecture
with the limited accuracy of that approximation [14–16].)
Consider then plane waves, in which amplitudes can be
calculated exactly at arbitrary intensity. While lacking
in realistic spatial structure (focussing), plane waves have
a direction and typical frequency, so that it makes sense
to speak of degeneracies due to photon emission collinear
with the plane wave. By summing over such degenera-
cies we will calculate here inclusive observables in plane
wave backgrounds to all orders in α. Crucially, we will
show that these observables introduce a nontrivial inten-
sity dependence to which the CCF and LCFA are blind,
which leads to a high-intensity scaling distinct from that
predicted by the NR conjecture.
The delicate part of our calculation is the identification
of relevant scales and approximations: this and final re-
sults are presented in Sect. II. The calculation itself uses
now-standard literature methods [5, 17], and is not dis-
similar to textbook calculations of soft IR effects (though
the physics is different – see [18] and references therein
for recent work on soft and soft-collinear factorisation in
QED). As such, details are given in the appendix. The
calculation, being all-orders in α, is still challenging, so
we keep track throughout only of the leading intensity
dependence. We conclude in Sect. III.
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FIG. 1. Exclusive (left) and inclusive (right) nonlinear
Compton scattering at tree level. The double-lines indicate
Volkov electron wavefunctions, dressed exactly and to all or-
ders by the background [21]. Photons with momentum qµj are
degenerate with the laser.
II. RESULTS
Laser-collinear degeneracy. Consider a collision be-
tween particles and a laser pulse, the latter propagat-
ing in the direction nµ = (1, 0, 0, 1). An angular cutoff
θ0 about this direction may be defined by e.g. the laser
opening angle: any photons emitted within this cone will
be indistinguishable from laser photons if their energy is
similar to that of the laser, typified by ω0 (order 1 eV
for optical beams), due to either limited detector resolu-
tion in energy and angle, or to over-saturation from the
large flux of the intense field. We assume that any lower
energy photons emitted within the same cone are also
unobservable – Notch filters allow for more sophisticated
setups [19, 20], but we consider only the simplest here.
A photon of momentum qµ emitted within an an-
gle θ < θ0 relative to the laser direction obeys, for
θ0 small, qµ = q0nµ + O(θ0), or, in explicit compo-
nents, q− := (q0 − q3)/2 ' 0, q⊥ := (q1, q2) ' 0,
q+ := (q0 + q3)/2 ' q0. The leading contribution of such
photons in scattering amplitudes may thus be found by
setting qµ = q+nµ in calculations. Another way to see
this is to observe that these photons obey |q⊥| ' q+θ and
q− ' θ24 q+, which yields, given that θ is itself restricted to
small values, the hierarchy q− < q⊥ < q+. For each such
photon probabilities/cross-sections are integrated over,
using the usual on-shell measure,∫
d3q
(2pi)32q0
→ θ
2
0
4(2pi)2
ω0∫
0
dq+q+ . (1)
Laser-collinear emissions. We consider nonlinear
Compton scattering (NLC) [5, 7, 17, 22–26], that is the
emission of a photon, momentum `µ, from an electron,
momentum pµ, traversing a plane wave described by the
two-component transverse potential a(n ·x) (the integral
of the electric field [27]). This exclusive process shows,
for constant crossed fields, the high-intensity scaling as-
sociated with the NR conjecture. Our interest is in the
corresponding inclusive process which accounts for the
additional emission of arbitrarily many laser-collinear de-
generate photons described above; see Fig. 1. In the
corresponding scattering amplitudes, there are nontriv-
ial integrals over ‘lightfront time’ x+j := n · xj at each
emission vertex xµj , due to the spacetime dependence of
the background plane wave. (See Appendix A for de-
tails.) In particular, the degenerate emissions introduce
a lightfront time-ordered dependence on xµj which pre-
vents their contributions from factorising out in general,
as would be the case with leading soft factors.
It is however possible to find observables for which
collinear corrections do factorise. In that part of
the observable photon spectrum for which `µ obeys
s ≡ n · `/n · p 1, we find that the effect of adding a
collinear emission is simply to multiply the amplitude by
a scalar factor, up to an error of order s. Let us anal-
yse this restriction. It is important to emphasise that
`µ is supposed to be observable, and small s does not
mean that `µ is itself degenerate with the laser. To illus-
trate this, suppose we insist on s ≤ 0.01, which means
a 1% error induced by our approximation. Then for a
head-on collision of a 1 GeV electron with the laser, see
Fig. 2, we are restricted to considering emitted photon
energies of < 10 MeV when those photons are scattered
forward of the electron, and < 20 MeV for scattering at
right-angles to the collision axis: these emissions are not
laser-degenerate, and are experimentally measurable.
It is also important to stress that, in considering ob-
servable photons at small s, and degenerate emissions
which have s = 0, we are focussing on that part of
the emission spectrum in which the LCFA is known to
fail [14–16]. To be explicit, let N be the tree-level NLC
amplitude, and let a0 ∼ |a|/m be the ‘dimensionless
intensity parameter’ characterising the strength of the
background. The LCFA predicts that the small-s emis-
sion probability in NLC behaves as [5, 7]
dP
ds
∣∣∣∣
s1
!∼
∫
d2p′⊥|N |2LCFA ∼
a
2/3
0
s2/3
, (2)
at high intensity, exhibiting the typical 2/3-power scaling
of the NR conjecture. However, it can be shown without
approximation that the true behaviour is [15, 28]
dP
ds
∣∣∣∣
s1
∼
∫
d2p′⊥|N |2 ∼ a20 . (3)
As such, the high-intensity behaviour of our inclusive ob-
servables may be expected to, and indeed will, differ from
0 π2π4 3 π4 πθ
20 MeV
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<10%
FIG. 2. The error induced by our approximation, in terms of
the observed photon energy `0 and emission angle θ (relative
to the laser direction), in the case of a head-on collision be-
tween a 1 GeV electron and a laser pulse. Each curve bounds
a region of percentage error, as highlighted.
3that in constant fields.
Returning to our calculation, laser-collinear emissions
both factorise and exponentiate in the considered part
of the spectrum. We write a prime on amplitudes to
indicate that we restrict to this regime. Let |M|2 the in-
clusive sum over (mod squared) amplitudes with all pos-
sible numbers of collinear emissions, all at tree level, see
Fig. 1. We show in Appendix A that the leading intensity
dependence of |M′|2 is, for a˜ the Fourier transform of a,
|M′|2 ∼ exp
[
αθ20
4pi
ω0∫
0
dq+ q+
|a˜(q+)|2
(n · p)2
]
|N ′|2 . (4)
The exponent is positive, and we conclude that degener-
ate emissions enhance the measured emission probability
(as soft emissions do [12, 13]). This enhancement is ex-
ponentially increasing with intensity – by unitarity, this
must be compensated for by a similar exponential factor
from loop corrections. We confirm this below, but (4)
already telegraphs the final result – the high-intensity
scaling of inclusive observables will be exponential.
Loop corrections. As (4) contains all orders of α, we
must for consistency also consider all orders of loop cor-
rections to NLC; to illustrate, the relevant one-loop dia-
grams are shown in Fig. 3; two self-energies [5, 29] and
the vertex correction [30–32]. Note that we are only inter-
ested in a-dependent terms, which are UV-finite [33, 34].
We cannot, and do not aim to, calculate exact loop effects
to all orders in α, but only to include effects from laser-
collinear virtual photons which i) must compete with the
real emissions investigated above and ii) will be incor-
rectly captured by the LCFA, as real emissions are.
We begin as we did for real emissions by addressing the
momentum integration region for virtual laser-collinear
photons, which is again more involved than for soft cor-
rections. We need to identify the full region over which
the approximations we made for real emissions continue
to hold. This is simplified, as described in Appendix B,
by performing the contour integral in the photon propa-
gator, which allows us to take the virtual photons to obey
the on-shell relation q+ = q2⊥/4q−. Collinearity requires
that the transverse momentum q⊥ is less than some ab-
solute cutoff, as otherwise the photon momentum will no
longer be approximately degenerate with the laser (and
distinct from the observable momenta in the game). It
can be checked that, for the real emissions above, the
energetic restriction on the photon momentum implies
q− < ω0θ
2
0/4 and |q⊥| < ω0θ0; but these inequalities, and
the hierarchy q− < q⊥ < q+, are obeyed over the larger re-
gion of momentum space shown in Fig. 4, which encloses
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FIG. 3. The 1-loop contributions to nonlinear Compton scat-
tering; the vertex correction (inner diagram) and self-energies.
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FIG. 4. Region of momentum integration for virtual laser-
collinear photons; this covers both the real emission region
(blue) and photons and a region of high energy, but small
emission angle (orange).
the real emission region, but also admits increasingly high
photon energy at smaller (closer to laser-collinear) emis-
sion angles. (Essentially, we can make the virtual photon
momentum q− small by taking q+ to be arbitrarily large1,
provided q⊥ is bounded.) The complete region over which
we may integrate virtual photon momenta while staying
within our approximation is then conveniently charac-
terised by |q⊥| ' q0θ < ω0θ0. We note that this includes
a region with θ > θ0 but q0 < ω0 (not marked in the Fig-
ure), which takes us away from collinear and into the IR;
we neglect this region, as we are not here keeping track
of IR effects (but see the appendices.)
We find, as at tree level (see Appendix B for the full
calculation), that these laser-collinear virtual photons in-
troduce lightfront-time ordered terms into the integrand
of the NLC amplitude, which prevents factorisation in
general. Making the same assumption as above, i.e. re-
stricting attention to that part of the emission spectrum
with n · l n · p, we again obtain factorisation.
Integrating over the region marked in Fig. 4, we find
that the contribution from the virtual photons entirely
cancels that from real emissions – the analogous state-
ment for the IR would be that soft divergences cancel be-
tween emissions and loops [12, 13]. What remains yields
our final result for the all-loops inclusive amplitude:
|M′|2all loops ∼ exp
[
− αω
2
0θ
2
0
4pi
∞∫
ω0
dq+
q+
|a˜(q+)|2
(n · p)2
]
|N ′|2 . (5)
We have thus found that inclusive corrections lead to an
exponential intensity dependence at high intensity. Let
us compare with [6] in which one-loop polarisation op-
erator insertions to the electron propagator (the bubble
chain) are resummed exactly in a CCF. This gives essen-
tially the elastic scattering amplitude, whose imaginary
part is the probability of NLC. The resummed ampli-
tude still scales with a positive, fractional power of in-
tensity: curiously, this suggests that resummed results,
and observables constructed from them, can still be made
1 In contrast to soft effects, we can integrate over arbitrarily high
energies, but we repeat that the terms of interest are UV finite
(they simply yield Fourier transforms).
4arbitrarily large at high intensity. In our resummed re-
sult, on the other hand, the exponential damping controls
the high-intensity behaviour, in-line with both unitar-
ity and the behaviour of resummed soft corrections. See
Appendix C for the phenomenology of the corrections
implied by (5); for upcoming experiments, these are cer-
tainly negligible, but this is not the regime of interest.
Our results are not in contradiction to CCF results.
As in (2)–(3), the small-s behaviour in genuinely con-
stant fields is very different to that in any field which
switches on and off asymptotically, as is also true of
soft effects [27]. Indeed the small-s region we consider
is precisely that in which the locally constant field ap-
proximation breaks down [14–16]. Our results show that
collinear n-loop (and emission) effects beyond CCFs scale
with powers not of αn but with (αa20)n, which grow faster
with intensity than the αa2/30 scaling predicted by CCF
results. We have shown that these effects exponentiate
upon resummation, changing for example the exclusive
NLC intensity dependence (3) to the inclusive result
dPinc
ds
∣∣∣∣
s1
∼
∫
d2p′⊥|M′|2 ∼ a20 exp(−αa20 · const) . (6)
III. DISCUSSION
In the context of the NR conjecture, on the high-
intensity behaviour of QED in external fields, we have
investigated inclusive observables in the nonlinear Comp-
ton scattering of a photon from an electron in an intense
laser pulse, in which we include laser-collinear (degener-
ate) emissions.
To assess the relevance of the conjecture beyond the
case of constant crossed fields (CCFs), we have specif-
ically addressed that part of the photon emission spec-
trum in which locally constant field approximations, com-
monly used to generalise CCF results to general fields,
are well-known to break down [14–16]. In this part of
the spectrum, laser-collinear emissions were found to fac-
torise and, resummed to all-orders in α (all emissions,
all loops), yield an exponential dependence on intensity
(and not on the product χ of energy and intensity) which
is distinct from any behaviour seen to date for constant
fields, even when resummed, and cannot be captured by
locally constant field approximations.
As such our results do not contradict CCF results.
Rather we have shown that high-intensity behaviour, out-
side of a CCF, can differ significantly from that predicted
by the NR conjecture, both at finite order in perturba-
tion theory and after resummation. Our findings thus
reinforce the idea that the conjecture has limited rele-
vance beyond the CCF case [8–10]. (While our calcula-
tion of degenerate processes assumed a pulsed plane wave
background, see also Appendix C, similar, in fact richer,
degeneracies clearly exist for more realistic fields.)
We can view our results from a different angle. As part
of our calculation we have shown that, outside of CCFs,
higher loop effects in strong backgrounds can induce ef-
fects scaling with powers not of α, but with αa20, which
is a stronger scaling than that predicted by the NR con-
jecture. This also suggests a breakdown of perturbation
theory. We have shown that the considered effects can
be resummed, upon which they exponentiate, and bring
with them both a nontrivial intensity dependence due to
the presence of the background, a portion of the usual
soft IR divergence. This can be cancelled by also includ-
ing our laser-collinear degenerate emissions, which also
introduce an extra intensity dependence; what remains
is of course (5) with its exponential high-intensity be-
haviour. Thus, outside of constant fields, resummation
yields well-behaved results consistent with unitarity and
in-line with the behaviour of soft corrections.
We restricted to a particular part of the NLC spec-
trum. It could well be that in another another part
of the spectrum (e.g. high lightfront energy, rather than
low) the resummed high-intensity behaviour is different
again. It would be interesting to investigate this. The
high-intensity behaviour of other processes and more gen-
eral observables, and their degeneracies, remain an open
question, as does the impact of e.g. back-reaction [35] on
high-intensity behaviour.
We can, though, draw one final conclusion. Experi-
mental proposals [36–39] for observing signs of the (an-
ticipated) non-perturbative physics at αχ2/3 & 1 often
rest on observing ‘some’ deviation from literature pre-
dictions, as intensity is made large. These predictions
are, though, based on lowest-order perturbative calcula-
tions of exclusive observables (or phenomenological mod-
els built from them), while any measured observable will
be partially inclusive, since no experiment has 100% de-
tector coverage. Our results show that it is not enough,
in making experimental predictions at high intensity, to
take deviations from lowest order predictions as evidence
for entering the non-perturbative regime: there are other
effects with a competing intensity dependence.
ACKNOWLEDGMENTS
A.I. thanks Tom Heinzl and Stuart Mangles for useful
discussions. J.P.E. acknowledges funding from a CIC-
U.M.S.N.H. project. A.I. is supported by The Leverhulme
Trust, project grant RPG-2019-148. Both authors re-
ceived support from the Royal Society through Newton
Mobility Grant NMG\R1\180368.
[1] V. Ritus, Sov. Phys. JETP 30, 1113 (1970). [2] N. Narozhnyi, Phys. Rev. D 20, 1313 (1979).
5[3] N. Narozhnyi, Phys. Rev. D 21, 1176 (1980).
[4] A. Fedotov, J. Phys. Conf. Ser. 826, 012027 (2017),
arXiv:1608.02261 [hep-ph].
[5] V. I. Ritus, J. Russ. Laser Res. 6, 497 (1985).
[6] A. Mironov, S. Meuren, and A. Fedotov, (2020),
arXiv:2003.06909 [hep-th].
[7] A. I. Nikishov and V. I. Ritus, Sov. Phys.–JETP 19, 529
(1964).
[8] A. Ilderton, Phys. Rev. D100, 125018 (2019),
arXiv:1909.02484 [hep-ph].
[9] T. Podszus and A. Di Piazza, Phys. Rev. D99, 076004
(2019), arXiv:1812.08673 [hep-ph].
[10] A. Ilderton, Phys. Rev. D99, 085002 (2019),
arXiv:1901.00317 [hep-ph].
[11] R. Ekman and A. Ilderton, (2020), arXiv:2002.03759
[hep-ph].
[12] D. R. Yennie, S. C. Frautschi, and H. Suura, Ann. Phys.
(N. Y.) 13, 379 (1961).
[13] S. Weinberg, Phys. Rev. 140, B516 (1965).
[14] C. Harvey, A. Ilderton, and B. King, Phys. Rev. A 91,
013822 (2015), arXiv:1409.6187 [physics.plasm-ph].
[15] A. Di Piazza, M. Tamburini, S. Meuren, and C. Keitel,
Phys. Rev. A 98, 012134 (2018), arXiv:1708.08276 [hep-
ph].
[16] A. Ilderton, B. King, and D. Seipt, Phys. Rev. A 99,
042121 (2019), arXiv:1808.10339 [hep-ph].
[17] D. Seipt, (2017), 10.3204/DESY-PROC-2016-04/Seipt,
arXiv:1701.03692 [physics.plasm-ph].
[18] E. Laenen, J. Sinninghe Damsté, L. Vernazza,
W. Waalewijn, and L. Zoppi, (2020), arXiv:2008.01736
[hep-ph].
[19] O. Astafiev, S. Komiyama, T. Kutsuwa, V. Antonov,
Y. Kawaguchi, and K. Hirakawa, Applied Physics Let-
ters 80, 4250 (2002).
[20] B. S. Karasik, S. V. Pereverzev, A. Soibel, D. F. San-
tavicca, D. E. Prober, D. Olaya, and M. E. Gershenson,
Applied Physics Letters 101, 052601 (2012).
[21] D. M. Wolkow, Z. Phys. 94, 250 (1935).
[22] T. W. B. Kibble, Phys. Rev. 138, B740 (1965).
[23] C. Harvey, T. Heinzl, and A. Ilderton, Phys. Rev. A 79,
063407 (2009), arXiv:0903.4151 [hep-ph].
[24] M. Boca and V. Florescu, Phys. Rev. A 80, 053403
(2009).
[25] D. Seipt and B. Kampfer, Phys. Rev. A 83, 022101
(2011), arXiv:1010.3301 [hep-ph].
[26] F. Mackenroth and A. Di Piazza, Phys. Rev. A 83,
032106 (2011), arXiv:1010.6251 [hep-ph].
[27] V. Dinu, T. Heinzl, and A. Ilderton, Phys. Rev. D 86,
085037 (2012), arXiv:1206.3957 [hep-ph].
[28] T. Heinzl, B. King, and A. Macleod, (2020),
arXiv:2004.13035 [hep-ph].
[29] S. Meuren, Ph.D. thesis, Heidelberg U. (2015).
[30] D. Morozov, N. Narozhnyi, and V. Ritus, Sov. Phys.
JETP 53, 1103 (1981).
[31] V. Gusynin, V. Miransky, and I. Shovkovy, Nuclear
Physics B 563, 361?389 (1999).
[32] A. Di Piazza and M. Lopez-Lopez, (2020),
arXiv:2006.15370 [hep-ph].
[33] N. Narozhnyi, Sov. Phys. JETP 28, 371 (1969).
[34] H. Mitter, in Electromagnetic Interactions and Field The-
ory, edited by P. Urban (Springer, Vienna, 1975) p. 397.
[35] D. Seipt, T. Heinzl, M. Marklund, and S. Bulanov, Phys.
Rev. Lett. 118, 154803 (2017), arXiv:1605.00633 [hep-
ph].
[36] V. Yakimenko et al., Phys. Rev. Lett. 122, 190404 (2019),
arXiv:1807.09271 [physics.plasm-ph].
[37] C. Baumann, E. Nerush, A. Pukhov, and
I. Kostyukov, Sci. Rep. 9, 9407 (2019), arXiv:1811.03990
[physics.plasm-ph].
[38] T. Blackburn, A. Ilderton, M. Marklund, and C. Ridgers,
New J. Phys. 21, 053040 (2019), arXiv:1807.03730
[physics.plasm-ph].
[39] A. Di Piazza, T. Wistisen, M. Tamburini, and
U. Uggerhøj, Phys. Rev. Lett. 124, 044801 (2020),
arXiv:1911.04749 [hep-ph].
[40] A. Ilderton, B. King, and S. Tang, (2020),
arXiv:2008.08578 [hep-ph].
[41] A. Ilderton and A. J. MacLeod, (2020), arXiv:2001.10553
[hep-th].
[42] M. D. Schwartz, Quantum Field Theory and the Standard
Model (Cambridge University Press, 2014).
[43] M. Lavelle and D. McMullan, JHEP 03, 026 (2006),
arXiv:hep-ph/0511314 [hep-ph].
[44] M. Lavelle, D. McMullan, and T. Steele, Adv. High En-
ergy Phys. 2012, 379736 (2012), arXiv:1008.3949 [hep-
ph].
[45] A. Di Piazza, C. Muller, K. Hatsagortsyan, and C. Kei-
tel, Rev. Mod. Phys. 84, 1177 (2012), arXiv:1111.3886
[hep-ph].
[46] T. Adamo and A. Ilderton, (2020), arXiv:2005.05807
[hep-th].
[47] A. Ilderton and G. Torgrimsson, Phys. Rev. D 87, 085040
(2013), arXiv:1210.6840 [hep-th].
[48] D. Seipt and B. Kampfer, Phys. Rev. D 85, 101701
(2012), arXiv:1201.4045 [hep-ph].
[49] F. Mackenroth and A. Di Piazza, Phys. Rev. Lett. 110,
070402 (2013), arXiv:1208.3424 [hep-ph].
[50] B. King, Phys. Rev. A 91, 033415 (2015),
arXiv:1410.5478 [hep-ph].
[51] V. Dinu and G. Torgrimsson, Phys. Rev. D 99, 096018
(2019), arXiv:1811.00451 [hep-ph].
[52] E. Laenen, G. Stavenga, and C. D. White, JHEP 03,
054 (2009), arXiv:0811.2067 [hep-ph].
[53] E. Gardi, E. Laenen, G. Stavenga, and C. D. White,
JHEP 11, 155 (2010), arXiv:1008.0098 [hep-ph].
[54] V. Dinu, T. Heinzl, A. Ilderton, M. Marklund, and
G. Torgrimsson, Phys. Rev. D 89, 125003 (2014),
arXiv:1312.6419 [hep-ph].
[55] B. Bakker et al., Nucl. Phys. B Proc. Suppl. 251-252,
165 (2014), arXiv:1309.6333 [hep-ph].
[56] A. Ilderton and G. Torgrimsson, Phys. Rev. D 93, 085006
(2016), arXiv:1601.05021 [hep-th].
[57] S. Weinberg, The Quantum theory of fields. Vol. 1: Foun-
dations (Cambridge University Press, 2005).
[58] L. M. Frantz, Phys. Rev. 139, B1326 (1965).
[59] S. P. Gavrilov and D. M. Gitman, Sov. J. Nucl. Phys. 51,
1040 (1990), [Yad. Fiz.51,1644(1990)].
[60] A. Ilderton and D. Seipt, Phys. Rev. D 97, 016007 (2018),
arXiv:1709.10085 [hep-th].
[61] The ELI-NP facility, https://www.eli-np.ro/.
6Appendix A: laser-collinear emissions and degeneracy
i. Notation, conventions, and the background field
Our focus is on degeneracies due to unobservable photon emissions that are collinear with (the photons in) a
background plane wave field, of arbitrary temporal profile, but compact support; a pulse. The field depends on n · x
where nµ is a null vector, n2 = 0. We can always choose n ·x = x0 +x3, lightfront time. We use lightfront coordinates
x± = x0 ± x3, x⊥ = (x1, x2) for position and p± = (p0 ± p3)/2, p⊥ = (p1, p2) for momenta. As such v± = 2v∓ for all
vectors vµ. The background is aµ(x) = δ⊥µa⊥(x+) in which the two transverse components a⊥ arise as lightfront time
integrals of the two electric field components of the plane wave, with aµ(−∞) = 0. For a typical (e.g. Gaussian)
pulse shape, the field will be characterised by some dimensionless peak field strength a0, i.e. a(x+) ∼ ma0, which is
the effective coupling between the background and fermions. a0 easily exceeds unity in modern laser pulses.
ii. Classical and quantum particle dynamics
The on-shell kinetic momentum of a classical particle in the plane wave (the exact solution to the Lorentz force
equation) is, for pµ is the initial momentum before entering the wave,
piµ(x
+) = pµ − aµ(x+) + nµ 2p · a(x
+)− a(x+)2
2n · p . (A1)
In the quantum theory, scattering amplitudes are calculated in the Furry picture, which treats the coupling a0 as
part of the ‘free’ theory, i.e. without approximation, and then treats the coupling e between dynamical (quantised)
fields in perturbation theory, as normal. (It is this perturbative expansion which is conjectured to break down at
sufficiently high field strength, at least in constant crossed fields.) Hence the interaction vertex is −ieγµ as usual, but
the fermion propagator and external legs become dressed by the background. (For a recent overview see [17].) The
asymptotic wavefunction describing an incoming electron of initial momentum pµ in amplitudes is
ψp(x) =
[
1 +
/a(x+)/n
2n · p
]
up exp
(
− ip · x− i
x+∫
−∞
2p · a− a2
2n · p
)
. (A2)
For discussions of the physical content of these wavefunctions see for example [17, 27, 40]. The corresponding fermion
propagator is
S(x, y) = i
∫
d4p
(2pi)4
[
1 +
/n/a(x+)
2n · p
]
/p+m
p2 −m2 + i
[
1 +
/a(y+)/n
2n · p
]
e
−ip·(x−y)−i
x+∫
y+
2p.a−a2
2n.p
. (A3)
iii. Laser-collinear emissions
We recall that the Lorentz-invariant measure for on-shell photons may be written, in terms of cartesian coordinates
or lightfront coordinates, as
dqo.s. :=
d3q
(2pi)32q0
=
d2q⊥dq±
(2pi)32q±
Θ(q±) , (A4)
with the un-integrated momentum component being determined by the mass-shell condition qµqµ = 0. In the text
and in what follows we will use each of the three forms of the on-shell measure above, as necessary.
Since the plane wave is univariate, depending on only n ·x = x+, the only nonzero laser momentum component is q+.
As such laser-degenerate photons must have {q−, q⊥} ' 0. How these conditions are imposed, and to what tolerance,
depends on the situation of interest. As in the main text, real photons degenerate with the laser obey q0 ≤ ω0 and
θ < θ0 for ω0 and θ0 given cutoffs in energy and emission angle relative to the laser direction, respectively. Using
cartesian coordinates, this gives a measure∫
d3q
(2pi)32q0
→ 1
2(2pi)3
ω0∫
0
dq0 q0
θ0∫
0
dθ sin θ
2pi∫
0
dφ→ θ
2
0
16pi2
ω0∫
0
dq0 q0 (A5)
7where, in the final step, we have assumed θ0  1 and truncated the integrand, whatever it may be, to zeroth order in
θ0. In lightfront coordinates, which are often more useful in our investigation, the energetic and angular restrictions
above reduce to, again for θ0 small, q+ < ω0 and |q⊥| < q+θ0. Hence our integral may also be written∫
d2q⊥dq+
(2pi)32q+
Θ(q+)→ 1
2(2pi)3
ω0∫
0
dq+
q+
∫
d2q⊥Θ(q⊥ − q+θ0)→ θ
2
0
16pi2
ω0∫
0
dq+ q+ (A6)
which agrees with (A5) because q0 = q+ to leading order in θ0.
iv. Laser-collinear emission amplitudes
Consider an incoming electron leg of momentum pµ in a given scattering amplitude, connecting to a vertex at
position xµ, and so represented by a Volkov wavefunction ψp(x). On that leg we add a laser-collinear emission. In
the amplitude, ψp(x) is then replaced by (stripping off the photon polarisation vector)
∫
d4y S(x, y)γµeiq·yψp(y) = eiq·x
[
i/nγµ
2n · p +
x+∫
−∞
dy+
piµ(y)
n · p e
−iq+(x−y)+
]
ψp(x) , (A7)
in which the left hand expression follows from the Feynman rules, and the right hand side is exact for qµ ≡ q+nµ,
collinear with the plane wave. If qµ deviates from collinear in some small parameter, as in Appendix Aiii above,
then the right hand side of (A7) is correct to leading order in that parameter. For emission from an outgoing leg of
momentum p′µ we have, similarly,
ψ¯p′(x)→
∫
d4y ψ¯p′(y)γ
µeiq·yS(y, x) = ψ¯p′(x)
[
iγµ/n
2n · p′ +
∞∫
x+
dy+
pi′µ(y)
n · p′ e
−iq+(x−y)+
]
eiq·x , (A8)
in which pi′ depends on p′ as pi depends on p in (A2). We remark that damping factors are understood to be in place,
in these expressions, for the terms in piµ which are field-independent [24, 41]. These are the terms contributing to the
vacuum limit, where the factor in square brackets of (A7) reduces to
i
/nγµ
2n · p − i
pµ
p · q − i , (A9)
and similarly for (A8), which we recognise from textbook discussions of collinear emission factors, see e.g. [42]. Note
that the second term in (A9) carries a factor of 1/q+, equivalent to 1/q0 here, which is where the usual IR divergence
arises2. We already know that such divergences drop out of inclusive observables, but we will keep track of them for
the time being. The two results (A7) and (A8) are the basic building blocks of the following calculations.
v. Laser-collinear emission correction to nonlinear Compton
We consider nonlinear Compton scattering (NLC), the emission of a photon of momentum `µ and polarisation ε
µ
` ,
from an electron of initial momentum pµ scattering off the plane wave to momentum p′µ. Beginning at tree level, the
scattering amplitude is, see also Fig. 5,
N := −ie
∫
d4x ψ¯p′(x)e
i`·x/ε`ψp(x) , (A10)
the detailed evaluation of which is well-covered in the literature [5, 17, 23, 24, 45, 46]; the only detail we will need
here is that the {x⊥, x−} integrals in any part of an amplitude on a plane wave background can be performed to yield
momentum-conserving delta functions in three directions. For NLC this means
N ∝ δ3⊥,−(p′ + `− p) . (A11)
2 While there are, strictly, no collinear divergences in massive
QED, we mention that, contrary to what is often inferred from
the Lee-Nauenberg theorem, the cancellation of collinear diver-
gences in massless theories is far from resolved [43, 44].
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FIG. 5. The first diagram is NLC at tree level. Adding a laser-degenerate photon emission yields the second and third
diagrams (‘double’ NLC at tree level, for investigations of which see [48–51]).
We next consider the same process but with an additional, unobservable, photon emission (almost) degenerate with
the plane wave, i.e. with photon momentum qµ = q+nµ. The scattering amplitude is
M2 := (−ie)2
∫
d4xd4y ψ¯p′(x)e
i`·x/ε`S(x, y)/εqe
iq·yψp(y) + ψ¯p′(y)/εqe
iq·yS(y, x)ei`·x/ε`ψp(x) , (A12)
in which the second term is the photon exchange diagram, and where εµ` , ε
µ
q , are the polarisation vectors for the
photons of momenta `µ and qµ respectively. Applying (A7) and (A8) we find
M2 = (−ie)2
∫
d4x ψ¯p′(x)e
i`.x
[
i/εq/n/ε`
2n · p′ +
i/ε`/n/εq
2n · p
]
eiq·xψp(x)
+ ψ¯p′(x)e
i`·x/ε`ψp(x)
( ∞∫
x+
dy+
εq · pi′(y+)
n · p′ e
iq+y
+
+
x+∫
−∞
dy+
εq · pi(y+)
n · p e
iq+y
+
)
.
(A13)
Recall that our interest is in the behaviour of this, and related, processes at high intensity, i.e. large a0. We will
therefore keep track (in addition to possible soft divergences) of the leading-order a0 dependence introduced by
collinear effects, much as one might only keep track of leading logs in an IR calculation.
Observe that in the second line of (A13) , the term outside the large round brackets is just the integrand of the
NLC scattering amplitude N , as in (A10). Multiplying this, inside the brackets, are the two scalar terms from (A7)
and (A8). Now, we can choose to work in lightfront gauge such that n · ε = 0 for photon polarisation vectors ε; hence
we can set, directly from (A1), εq · pi = εq · (p − a), so that we have εq · pi ∼ −εq · a ∼ a0 for a0 large; for a moment
we retain also the εq · p term, as this carries the IR divergence in (A9). Compared to these terms, those in the first
line of (A13) are subleading in both the IR and in a0, so we drop them. Here we would seem to be stuck – there
is no further simplification we can make in general. In particular, the x+-dependence of the integrals stops us from
factorising collinear contributions out of the amplitude, in contrast to soft effects [47].
vi. Factorisation and exponentiation
There is however a subset of observables for which collinear corrections factorise. Consider that part of the photon
spectrum for which s := n · l/n · p 1 for the emitted photon. As discussed in the main text, this does not mean the
emission is itself collinear with the laser, even though laser photons have s = n · q/n · p = q−/p− = 0. In this regime,
we may replace, in the expressions above,
1
n · p′ =
1
n · p
(
1 +
n · l
n · p + . . .
)
' 1
n · p , (A14)
in which we have used the momentum conservation rule in (A11), which continues to hold because the emissions we are
adding are collinear to the laser. As in the main text, we use a prime on amplitudes to indicate that we restrict to that
part of the spectrum for which (A14) applies up to some acceptable error. With this assumption, the field-dependent
parts of the scalar factors in (A13) combine into a single integral which is x-independent and computes the Fourier
transform of the background. We then have
M′2 ∼ −ie
(
i
εq · p′
q · p′ − i
εq · p
q · p −
εq · a˜(q+)
n · p
)
N ′ . (A15)
Hence, in the given part of the spectrum, the effect of adding a collinear emission is simply to multiply the S-
matrix element by a scalar factor. Mod-squaring, summing over polarisations εµq and integrating over qµ using the
measure (A5) or (A6) yields
|M′2|2 '
(
− αθ
2
0
4pi
ω0∫
µ
dq+
1
q+
(
p′
n · p′ −
p
n · p
)2
+ q+
a˜(q+) · a˜∗(q+)
(n · p)2 + . . .
)
|N ′|2 . (A16)
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FIG. 6. The six diagrams contributing to ‘triple’ NLC, in which two emissions are degenerate with the laser.
The ellipses denote terms which are IR finite and of lower order in a0.
Now consider the analogous processes with two or more degenerate emissions. These emissions again generate light-
front time-ordered integrals, as appear in (A13). In the primed regime, these again combine to give x+-independent
factors, as we will demonstrate here for the case of two collinear emissions3. Accounting for photon exchange, there
are six Feynman diagrams, see Fig. A13. Let the first collinear photon q1 always be attached to vertex y, and q2
attached be attached to vertex z. The non-degenerate photon with momentum ` is always at vertex x. In each
diagram, the leading-order integrands are the same, in the primed regime, as they were above, except each features
integrals over different regions of x-y-z space. Let us write (xy) as shorthand for the step function Θ(x+ − y+), then
the six contributions can be summarised as, matching the order of the diagrams in Fig. 6,
(yz)(zx) + (zy)(yx) + (yx)(xz) + (zx)(xy) + (xy)(yz) + (xz)(zy) . (A17)
Observe that we can write, for example, the first term as (yz)(zx) = (yz)(zx)(yx) in which the bar indicates that the
new step-function is implied by the first two. Using this trick, consider the sum of the first three diagrams:
(yz)(zx)(yx) + (zy)(yx)(zx) + (yx)(xz) = (zx)(yx)
[
(yz) + (zy)
]
+ (yx)(xz)
= (zx)(yx) + (yx)(xz)
= (yx) .
(A18)
Similarly, the second three diagrams sum to (xy), so that in total one integrates over ‘1’ meaning the whole y-z plane.
Thus, to the level of approximation considered, the collinear contribution becomes x-independent and again factorises.
Squaring up, we obtain the same contribution as for one emission, but squared, and with an additional 1/2! symmetry
factor for two collinear photons – in other words the second term of the exponential series. The extension to higher
orders is then clear.
Performing the incoherent sum over all possible numbers of degenerate emissions therefore gives an exponential
correction to the exclusive NLC probability. The leading order behaviour, in intensity, of the inclusive NLC probability
with respect to laser-collinear emissions is
|M′|2inc. ∼ exp
[
− αθ
2
0
4pi
E∫
µ
dq+
q+
(
p′
n · p′ −
p
n · p
)2]
exp
[
αθ20
4pi
E∫
µ
dq+ q+
|a˜(q+)|2
(n · p)2
]
|N ′|2 . (A19)
The first exponential is simply a piece of the usual soft IR divergence [12, 13, 52, 53], since our degenerate integration
region includes a (spherical angular) portion of soft parameter space. However we already know that this will cancel
against loop corrections (nor is it is explicitly field-dependent). We therefore drop the IR divergent contribution from
here on. Our interest is in the second exponential of (A19). This is, like the soft correction, positive, but explicitly
increasing with intensity a0. We note that the exponent depends on intensity a0 and electron lightfront energy n · p
individually, and not on their product χ := a0ω0n.p/m2, which is the only parameter on which (locally) constant
crossed-field results depend. (A dependence on intensity and energy separately is the behaviour one expects of fields
more general than CCFs [9, 10, 54], and indeed is the reason why the high-energy and high-intensity limits, which
both yield high χ, do not commute beyond CCFs [9, 10].) This shows that LCFA calculations cannot capture the
effects we consider. Observe that, at large enough a0, the exponential growth of the real emission correction violates
unitarity; this growth must therefore be compensated for by loop corrections, to which we now turn.
Appendix B: virtual collinear corrections to NLC
As the inclusive probability above contains all orders in α, we must for consistency add all order loop corrections.
It is not possible to do this exactly, but we will show in this section that we can include the laser-collinear parts of
3 By momentum conservation, for many almost collinear emis-
sions it becomes a better and better approximation to stay in
the ‘primed’ regime, i.e. taking n · l/n · p small, as more energy
is carried away by the collinear photons.
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the loops and see how they impact high-intensity scaling. For this we will need the photon propagator. We saw above
that collinear emissions generate lightfront time-ordered terms, and that the leading-a0 dependence of our amplitudes
was easily identified using lightfront gauge. In this gauge the the photon propagator is
Gµν(y − z) = −i
∫
d4q
(2pi)4
e−iq·(y−z)
q2 + i
(
gµν − nµqν + qµnν
n · q
)
. (B1)
It is convenient to immediately evaluate the q+ integral in Gµν using the residue theorem, which yields
Gµν(y − z) = −
∫
d2q⊥dq−
(2pi)32|q−| e
−iq·(y−z)Θ
(
q−(y − z)+
)
Lµν(c)−
∫
dq−
2pi
e−iq−(y−z)
− iδ+,⊥(y − z)
2q2−
nµnν . (B2)
in which q+ is now determined by the on-shell condition, and the ‘transverse projector’ Lµν(c) is the same tensor as
in (B1), but for qµ on-shell. While (B2) is a commonly used result, it is worth highlighting the features relevant to
our investigation. Consider the first term in (B2). We note that i) Lµν is orthogonal to both qµ and nµ, as were our
polarisation tensors for real photons, ii) the step function will introduce into amplitudes an additional ligtfront-time
ordered dependence which, recall from (A7) and (A8), is the essential structure introduced by real collinear emissions,
iii) the integration measure is almost the on-shell measure, as appeared for real emissions. It is for these reasons that
lightfront gauge is natural for our problem [55]. The second term in (B2) is the instantaneous propagator, which we
will see below yields terms subleading in a0. IR cutoffs are in place just as in the tree-level calculation.
We begin, as we did for real emissions, with the leading order contributions in α, before considering the generalisation
to all orders. The order α contribution to account for is the interference term between the tree-level and one-loop NLC
amplitudes which arises when the whole amplitude is mod-squared. There are three contributing one-loop diagrams4,
shown in Fig. 3. These are, respectively, the vertex correction [30–32] and two self-energies [5, 29]. UV divergences
are removed by subtracting the free-field contributions as usual, but we are only interested in a0-dependent terms,
which are UV-finite. We consider each in turn.
i. The vertex correction.
The expression to evaluate is
Nvertex := (−ie)3
∫
d4xd4y d4z ψ¯p′(y)γ
µS(y, x)/εei`·xS(x, z)γνψp(z)Gµν(y − z) . (B3)
We would like to evaluate the y and z integrals in (B3), but taking account only of laser-collinear effects, or in other
words isolating the contribution for which the collinear results (A7) and (A8) can be applied. Because we can take qµ
to be on-shell in the integral representation (B2) of Gµν , we know from the above that some appropriate integration
range exists as it covers at least the region appropriate to real emissions. We specify the full region in the main text,
but the details are not needed at this stage: we need only know that in this region we can apply (A7)–(A8).
We begin with the instantaneous term in the propagator. This contributes, highlighting only the relevant terms,
and underlining those coming from the propagator,
Nvertex ∼ . . .
∫
d4y ψ¯p′(y)γ
µe−iq·yS(y, x) . . . nµnν
∫
d4z S(x, z)γνeiq·zψp(z)δ(y+ − z+) . (B4)
Using (A7)–(A8), the generated factors of piµ will be contracted with the highlighted factors of nµ from the propagator.
However n ·pi = n · p, from (A1), which is independent of a0. Hence the instantaneous propagator does not contribute
to the leading-order intensity dependence. (The highlighted delta function in (B4) does not affect this argument,
because the y+ and z+ integrals do not need to be, and are not, evaluated for (A7) or (A8) to hold.) We turn to the
Lµν term in the propagator. Again writing out only the important structures which will generate terms leading in
intensity, and underlining contributions from the propagator, we find
Nvertex ∼ . . .
∫
x+
dy+e−iq·y
pi′µ(y+)
n · p′ . . . Lµν(c) . . .
x+∫
dz+
piν(z+)
n · p )e
iq·z Θ[q−(y+ − z+)] . (B5)
4 The remaining one-loop contribution to NLC contains the photon
polarisation tensor, but no photon loop, and hence does not con-
tribute to our discussion of laser-collinear corrections. We note
also that the polarisation tensor inserted onto a laser-collinear
photon will reduce to the free loop [56], and hence be intensity
independent.
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Observe that the time-ordering in the integrals simplifies the theta-function in the propagator to just Θ(q−), which
turns the measure on qµ in (B2) into the on-shell measure proper, see (A4). Evaluating pi′ · L(c) · pi, the leading
intensity dependence is a(y) · a(z). Thus we find the laser-collinear part of the vertex correction is, to leading order
in intensity,
Nvertex ∼ e2
∫
dqo.s.
∫
d4x
[
− ie ψ¯p′(x)/εei`·xψp(x)
] ∞∫
x+
dy+
x+∫
−∞
dz+e−iq+y
+ a(y) · a(z)
n · p′n · p e
iq+z
+
. (B6)
This expression shows that the laser-collinear virtual contribution has the effect of multiplying the tree-level NLC in-
tegrand, shown in large square brackets, by a lightfront-time dependent scalar factor. As such there is no factorisation,
although this should not surprise us given the tree-level results.
ii. The self-energies.
The calculation of the self-energy diagrams proceeds as for the vertex correction. Subtleties concerning self-energy
contributions on external legs, and renormalisation, are discussed in [57]. However, we are interested in the UV finite,
a0-dependent terms, which contain the physics of e.g. radiative spin flip [40], and must be included. We use a uniform
notation such that the ‘hard’ NLC vertex is always at x, the ‘left hand’ end of the loop is at y, and so comes with a
factor e−iq·y, while the right hand end of the loop is always at z, and comes with a factor eiq·z, see Fig. 3. The time-
orderings and Θ-functions appearing again conspire so as to extract a particular contribution from the propagator.
The self-energy corrections are precisely as in (B6), except that the lightfront time integrals are replaced by
∞∫
x+
dz+
∞∫
z+
dy+e−iq+y
+ a(y) · a(z)
(n · p′)2 e
iq+z
+
+
x+∫
−∞
dy+
y+∫
−∞
dz+e−iq+y
+ a(y) · a(z)
(n · p)2 e
iq+z
+
. (B7)
iii. Factorisation and exponentiation
Each of the one-loop contributions in (B6) and (B7) covers a different region in configuration (x–y–z) space. This
dependence arises through lightfront-time ordering at both the vertices and from the photon propagator. It is, just
as at tree level, the residual x–dependence of these time-orderings which prevents us from factorising out the laser-
collinear contributions. Let us therefore make the same assumption as for emissions; we restrict attention to that
part of the emitted photon spectrum with n · l n · p which, recall, allows us to replace factors of n · p′ with n · p. In
this case the three (y, z)–integrands in (B6) and (B7) become equal. Writing the three regions of integration in the
step-function notation introduced above, the sum of (B6) and (B7) may be represented as
(yx)(xz) + (zx)(yz) + (xy)(yz) = (yx)(xz)(yz) + (zx)(yz) + (xy)(yz)(xz)
= (yz)(xz)
[
(yx) + (xy)
]
+ (zx)(yz)
= (yz)
[
(xz) + (zx)
]
= (yz) ,
(B8)
which is x-independent. Thus, the sum of all one-loop contributions factorises, and we can write
N ′1-loop ∼
[
e2
∫
dqo.s.
∞∫
−∞
dy+
y+∫
−∞
dz+ e−iq+y
+ a(y) · a(z)
(n · p)2 e
iq+z
+
]
N ′ . (B9)
The remaining time-ordering can be undone to again yield Fourier transforms of the field, at the cost of introducing
a factor of 1/2. This factor is cancelled when we mod-square the sum of the tree-level and one loop contributions, to
find
|N ′ +N ′1-loop|2 '
[
1− e2
∫
dqo.s.
|a˜(q+)|2
(n · p)2
]
|N ′|2 +O(e4) . (B10)
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which is of precisely the same form as the contributions from real emissions, the only difference being in the (here
unspecified) integration region.
For the extension to higher orders, we note that the integration regions in the three one-loop amplitudes combine, in
the primed regime, to cover the whole y-z plane, forming an x-independent factor (factorisation). By comparison with
the free theory, and through the explicit examples above, one sees that the addition and combination of the different
loop contributions on the external fermion legs corresponds in Fourier space to the same combinatorics of combining
soft legs into loops (as is explicit in the appearance of the soft factors for real emissions in (A16)). We are only adding
collinear photons to the fermion legs in our diagram, the effect of which is to multiply by scalar factors when we sum
over all permutations, hence all fermion legs remain ‘effectively’ external in our NLC-degenerate processes, and at
higher orders the counting of diagrams and factors goes through as above. Hence the virtual contributions will also
factorise at higher orders, just as they did for real emissions, and exponentiate, as they must to maintain unitarity at
high intensity.
Indeed there is a sense in which the exponential form of the laser-collinear contributions should not be surprising;
the Volkov solutions themselves can be viewed simply as encoding the summation over all possible coherent emissions
and absorptions of mutually collinear laser photons [58–60], and are themselves exponential functions of intensity.
Appendix C: phenomenology
For a phenomenological estimate, we take a simple, circularly polarised Gaussian pulse; the two-component trans-
verse potential is
a(x) = ma0 2
− 2x2
τ2
(
cosω0x, sinω0x
)
, (C1)
with normalisation chosen such that a0 is the peak intensity and τ is the full-width half-maximum (intensity) pulse
duration. We consider the case of a long, almost flat-top pulse, which means τ large, or, in Fourier space, narrow
bandwidth. In this case we may approximately write the Fourier transform of the field as
|a˜(q)|2 ∼ pi
3/2τ√
log 16
δreg(q − ω0) + . . . (C2)
in which δreg is a properly normalised delta-function regulated by τ , and the ellipses denote a second spectral delta
which does not contribute to our results. We can now easily evaluate the exponential factor in (5). We find
−αθ20pi3/2
8pi
√
log(16)
(ω0τ)
2 a
2
0m
2
(n · p)2 ' −5 · 10
−5 a
2
0T
γ2(1 + β)2
, (C3)
in which the integrating over the regularised delta yields a factor of 1/2, and for the final ‘engineering formula’ we
have assumed a head-on collision and set θ = tan−1 0.15 ' 0.15 for the opening angle of a typical optical laser with
ω = 1.55 eV [61], and T is the FWHM pulse duration measured in femtoseconds. To maximise the impact of collinear
corrections we need intense, long, pulses, and low energy electrons; for large γ, the collinear contribution is very
strongly suppressed. Indeed, it is clear that, for any experiment which could be performed in the very near future,
the corrections implied by (5) are negligible, but this is not the regime of interest.
